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SUMMARY 

An abbreviated version of a mathematical model of the steady state in iso- 
electric focusing is presented. Details of the mathematical transformations leading to 
a model suitable for computer implementation and numerical solution are given in 
the Appendix. The model describes the structure of concentration, pH. conductivity 
and potential gradients arising from the focusing of electrochemically defined ampho- 
lytes. Some of the results of computer simulations of two and three component 
systems are of particular interest to the experimentalist and are presented together 
with experimental validation of this model. 

INTRODUCTION 

Isoelectric focusing (IEF) is a powerful separation method first proposed by 
Kolin’ and reduced to practice by Svensson”. The method has since gained wide- 
spread popularity. mainly because of the development by Vesterberg3 of Ampholine 
(Tradename of LKB, Bromma, Sweden), a polyaminopolycarboxylic acid buffer mix- 
ture produced by random polymerization. The constituents of this mixture migrate 
electrophoretically to stationary zones in the separation field, thereby establishing a 
relatively stable “natural” pH gradient. 

Ampholine and other similar commercial carrier ampholytes are well suited for 

analytical purposes, but for preparative applications there are several shortcomings: 
they result in product contamination with a chemically and biologically ill-defined 
material; they are rather expensive; and they do not allow for custom-design of pH 
profiles. Our recent development of a large scale preparative IEF apparatus based on 
a novel recycling principleA* has prompted us to reexamine the possible development 
of Ampholine-free buffering systems using chemically defined mixtures_ 

In the last few years there have been several attempts to develop such buffering 
systems, using a variety of approaches7-1s. In particular, Chrambach and his co- 
workers’+ have made many attempts to construct useful pH gradients using various 
ampholyte mixtures, while others l&l3 have also considered noti-amphoteric buffer 
mixtures. In contrast, Caspers ef crl. I4 have used amino acids and buffers to modulate 
the pH gradients formed by Ampholine. It was generally appreciated that the quan- 
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tit& of individual components utilized and their specific characteristics must 
uniquely determine the shape of the pH gradient established, the sample capacity, and 
the resolution. It should also be appreciated that most of these approaches were 
purely empirical and have suffered from the absence of an explicit model demonstrat- 
ing the contribution of individual components to gradient formation. 

It appeared, therefore, that further progress required a better understanding of 
IEF, i.e., a theory describing the structure of concentration, pH, conductivity and 
potential gradients generated by focusing a limited number of electrochemically de- 
fined ampholytes to the steady state. Unfortunately, the very usefulness of Am- 
pholine has also alleviated the need for the development of such a theory. Most prior 
theoretical treatments of IEF assumed the preexistence of linear pH and/or conduc- 
tivity gradientsr5.16, a situation fairly approximated if Ampholine is employed. The 
best model of IEF hitherto available is that of Almgren”, but it has only partially 
fulfilled the need, as its simplifying assumptions were too limiting for practical appli- 
cations. 

A suitable detailed theory of IEF has recently been developed by Palusinski et 
al’* in a form suitable for computer modelin,. 0 In the present paper we wish to report 
an abbreviated version of the model, limited to two ampholytes, as well as some of the 
results of computer simulations of IEF which we believe are of particular interest to 
the experimentalist. In addition, we are presenting some of our latoratory data which 
validate, at least qualitatively, these computer simulations. 

MATERIALS AND METHODS 

A DEC-10 processor is used for the maintenance and editing of our programs. 
All computations are performed on the CYBER 175 processor by transferring the 
files from DEC-10 on simple commands. The differential equations are solved using 
DARE P software’g. The program can readily be implemented on any computer 
provided with a FORTRAN compiler and will be supplied on request. 

The amino acids and peptides used in this work were purchased from Vega 
Biochemicals (Tucson, AZ, U.S.A.)_ Other chemicals were purchased from Eastman- 
Kodak (Rochester, NY, U.S.A.). 

Experimental IEF was carried out in three systems: thin-layer polyacrylamide 
gels, the LKB Model 8101 focusing column, and the recycling IEF apparatus de- 
veloped in this laboratory ti. Gel pH and concentration profiles were determined by 
sectioning the polyacrylamide gels in OS-cm long segments and elution in 0.01 121 
KC!. Amino acid concentrations were determined using the Durrum automatic 
amino acid analyzer_ 

MODEL FORMULATION 

A detailed account of our model of the steady state in IEF has been recently 
presented”. Briefly, the treatment considers only simple ampholytes, i.e., it is as- 
sumed that only the two apparent dissociation constants (pKs) nearest the isoelectric 
point (~2) of an ampholyte influence its behavior in the steady state. The analysis is 
one-dimensional in a stationary fluid with no electroosmosis and at constant tem- 
perature. 
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At present, we wish to present a simplified version of our model, restricting it to 
binary mixtures only. The construction of the model rests upon the following basic 
concepts: 

(a) The concentrations of component subspecies are described by equations of 
chemical equilibria. 

(b) In the steady state, a balance exists between the mass transports resulting 
from electromigration and from diffusion. 

(c) Electroneutrality is preserved within the relevant physical dimensions. 
In such a system, the conductivity G is given by 

i=8 

where e is the Faraday constant (96,500 Coulombs/mole), =z valences (dimensionless 
0, f 1, - I), &c’~ mobility coefficients (cm’/V - set), zzi concentrations (mole/cm3). Sub- 
scripts 1 and 2 refer to hydrogen and hydroxyl ions, 3 and 6 to the neutral species of 
ampholytes 1 and 2, respectively, 4 and 7 to the cationic species of the two ampho- 
lytes, and 5 and 8 to their anionic species. The mobility coefficients lvi are related to 
the conventional electrophoretic mobilities pi by pi = w~-_~, and to the diffusion 
constants Di by the Einstein relation Di = RTwi/e. 

The ampholyte conservation equation is 

e (W$Zd 
dv 

- W~IZ~) ds + RT w3 
dir, 

‘ds + ‘(; 
d/z, dzz, 

-dr + Wj’-& 
> 

= 0 (?a) 

e (~,zz, - dqo IY~~z~) dr + RT w, 
dtz6 

-ds + ‘(‘7 = 0 (2b) 

where 40 is the local potential (V), s is the distance (cm), from the anodic end of the 
column, R is the universal gas constant (g-cm’/sec’) and T is the absolute temper- 
ature (“K). 

The conservation of charge equation has the form 

dv 
i=8 

adu f RT C ~~~~~~ = -J 
i=l 

where J is the current density (A/cm”). 
In addition to the above differential equations the algebraic relation 

111 - 112 + 124 - tzj + 11, - IZa = 0 (4) 

describes the electroneutrality of the solution. 
The chemical equilibria for each ampholyte are described by the usual proton 

dissociation equations defining the constants Kz z and Kz2 for the first ampholyte and 
the constants K,, and K,, for the second ampholyte. 
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The above equations are non-linear and cannot be solved analytically. Thus, a 
numerical approach was necessary, requiring the transformations of equations de- 
scribed in the Appendix. The algebraic equations are used to eliminate all concen- 
tration terms except those of the two neutral subspecies. tz3 of the first ampholyte and 
11~ of the second ampholyte. These transformations produce 

which define the profiles of the concentrations of the above two species along the IEF 
column axis. The functions a and b are defined in the Appendix. 

Eqns. 5 and 6 lead to the following important conclusions: 
(a) The two factors, the applied current density and the distance over which 

the gradients are developed. have a reciprocal relationship_ The same relative profiles 
will be obtained as long as the product of column length (s) and applied current 
density (4 is kept constant. Thus. the voltage needed to obtain full development of 
the gradients across any column is independent of its length. 

(b) The sign of the concentration gradients dn,/d_u and d&/d-~ is determined 
by rhe sign of the terms in parenthesis in eqns. 5 and 6. since all other factors are 
positive. This yields the following inequalities 

(7) 

for the growth of 11~ 2nd decrease of 11~. These inequalities explain the concentration 
maxima reported in Fig. 3. 

RESULTS OF SIMULATION STUDIES 

The foregoing equations have been suitably transformed for computer imple- 
mentation. as partially shown in the Appendix. and have been exercised to simulate 
the IEF process in binary and tertiary mixtures of ampholytes”. At present we wish to 
present some of the simulation studies which are of particular importance for experi- 
mental IEF. Our studies comprised modeling with hypothetical ampholytes, to which 
arbitrary electrochemical parameters were assigned, as well as with real compounds 
for which literature ci:ed parameters were used. Most simulations have been con- 
ducted with binary mixtures, as the rational selection of more complex mixtures 
requires a prior understanding of the interaction between any two ampholytes fo- 
cused adjacently in the separation field. 

Our model requires the input of the following parameters: 
(a) Dimensions of the column: all data to be presented assume a length of 1 cm 

and a cross-section of 1 cm’. 
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(b) The mobility coefficient w of all components of the mixture. Different 
mobility coefficients can be assigned to the positive, neutral and negative subspecies 
of each ampholyte, as they may vary by as much as 5 o/0 due to the greater hydration 
of the carboxylate group 2o _ Most of the mobility coefficients for real ampholytes were 
calculated from the diffusion constants given by Longsworth” or arrived at by inter- 
polation as a function of molecular volumes”*“. 

(c) The dissociation constants of all components. For ampholytes with more 
than two dissociating groups, only the constants nearest the pl were used. This results 
in a negligible error if the remaining dissociation constants differ by more than an 
order of magnitude from those used. 

(d) The initiating (boundary) concentrations of the two ampholytes at any 
arbitrary point along the column axis. 

(e) The applied current density. 
The output of a computer simulation is: 
(3) The concentration profiles of all subspecies of both ampholytes along the 

column .lxis, as well as the total amounts in the column. 
(b’ The pH, conductivity, and electrical potential profiles along the column 

axis, as .vell as other complementary data. 

Sitlirdatiorls with hypothetical amppholytes 

The assignment of arbitrary electrochemical parameters to hypothetical am- 
pholytes has permitted a systematic evaluation of the effects of the input parameters 
on simulated IEF. 

The data presented in the composite Fig. 1 illustrate the effects of applied 
current density on the concentration, pH and conductivity profiles obtained on simu- 
lated focusing of a binary mixture of ampholytes in the neutral pH region. The input 
parameters are listed in Table I. The plots labelled A were obtained at the lowest 
current density, plots labelled B and C at three and nine times higher current den- 
sities. respectively. The concentration plots show that the more acidic ampholyte ( I ) 
accumulates at the anode, the more basic one (2) accumulating at the cathode, their 
concentrations decreasing monotonically towards the opposite electrodes. As shown 
previously”, the ampholytes are essentially isoelectric at the electrodes, with the 
proportion of charged species increasing as the total concentration decreases. As a 
result, the pH curves span the range between the isoelectric points of the two ampho- 
lytes (~16 and 7, respectively) and the conductivity is maximal in the center of the 
column, decreasing towards both electrodes. An increase in current density (plots B 
and C) results in the contraction of the effective distance over which full deployment 
of gradients is obtained. This is dictated by eqns. 5 and 6 which show that an X-fold 
increase in current density will result in an equivalent reduction in column length over 
which full deployment of profiles is obtained. The computer calculated total voltages 
for the above three systems were 0.43 (A), 1.53 (B), and 4.83 (C). These voltages are 
substantially lower than voltages customarily applied in IEF using commercial car- 
rier ampholytes. Experimentai work, which will be discussed, has confirmed this 
computer prediction. Thus at high applied potentials, no smooth pH or concentration 
profiles can be expected, the step-gradients obtained being more reminiscent of iso- 
tachophoresis than of IEF. 

It shouId also be pointed out that in the above simulations the total amount of 
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Fig. 1. Effixts of current density on computer generated profiles of concentration, pH, and conductivity at 
the steady state in IEF. Current densities: A, 0.0288 mA/cm’; B. 0.0864 mA/cm’; C, 0.2592 mA/cm2. Ail 
other input parameters are listed in Table I. 

each ampholyte in the column remains unchanged by the alteration of applied cur- 
rent, since the profiles remain symmetrical. The general shape of the plots shown in 
Fig. 1 will remain virtually unchanged if concentrations and applied current are 
varied by the same factor. Total ampholyte content and conductivity will be, of 
course, proportional to concentration. Similarly, the plots are not changed noticeably 
if mobility coefficients for both ampholytes and the applied current are altered by the 
same-factor. 

In the above plots, all profiles are essentially symmetrical. This is due to the 
symmetry of the assigned electrochemical parameters and the pH range being close to 
neutrality. In particular, the mobility coefficients for all subspecies of both ampho- 
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TABLE I 

INPUT ELECTROCHEMICAL PARAMETERS FOR SIMULATIONS REPORTED IN FIGS. 14 

Figure No. Component No. PJG PI P& Mobility coeflcient x loi 

Cation Neutral Anion 

1 IA-C 5.0 6.0 7.0 3.0 3.0 3.0 
2A-C 6.0 7.0 8.0 3.0 3.0 3.0 

2 ID 5.0 6.0 7.0 - 0 3.0 3.0 
2D 6.0 7.0 8.0 ;:o 3.0 3.0 
IE 5.0 6.0 7.0 3.15 3.0 2.85 
2E 6.0 7.0 8.0 3.15 3.0 2.85 

3-4 IF 1.5 2.5 3.5 3.0 3.0 3.0 
2F 2.5 3.5 4.5 3.0 3.0 3.0 
1G 1.5 2.5 3.5 3.15 3.0 2.85 
2G 2.5 3.5 4.5 3.15 3.0 2.85 
1H 9.5 10.5 11.5 3.0 3.0 3.0 
2H 10.5 11.5 12.5 3.0 3.0 3.0 

Fig. 2. Effects of differences in mobility coefkients of cationic, neutral and anionic ampholyte species on 
computer generated profiles of concentration and conductivity in IEF. Current densities were 0.0288 
mA/cm’ for both systems, all other input parameters being listed in Table I. 
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iytes were assumed to be identical, which is not the case in actuality. If the cationic 
subspecies of both ampholytes are assumed to have a higher mobility coefficient than 
the more hydrated anionic subspecies*‘, the profiles are no longer symmetrical, as 
shown in Fig. 2. The input parameters are presented in Table I. The pH curves were 
omitted, as they were essentially superimposable. 

Symmetry is also lost if the simulation is performed outside of the neutral pH 
region, due to the contributions of hydrogen or hydroxyl ions to the conductivity. 
This is illustrated in Fig. 3, which shows the concentration and conductivity plots for 
binary mixtures similar to those presented in the previous figures, except that they 
were centered around pH 3 (plot F for components with identical mobility coefficients 
for all subspecies and plot G where higher cationic mobility coefficients were as- 
signed) and around pH 11 (plot H, with identical mobility coefficients). The simu- 
lation input parameters are also listed in Table I. Because of the higher conductivities 
of these systems significantly higher current densities had to be applied than in the 
previous simulations. 

I I I I I I I I I I 1 
0 02 coL%lN LENGTHO~cml 08 10 

Fig. 3. Effects of low or high pH values on computer generated proiiles of concentration and conductivity 
at rhe steady state in IEF. Current densities: F and 0,020 mA/cm2; H, 0.10 mA/cmZ. All other parameters 
are listed in Table I. 
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The most surprising result of these simulations was that the concentrations of 
some ampholytes no longer rise monotonically towards the electrodes: at low pH 
values, the concentration of the more basic ampholytes, 2F and 2G, go through a 
distinct maximum, while at high pH values the concentration of the more acidic 
ampholyte, IH, goes through a maximum. This behavior *as quite unexpected, but is 
explained by the inequalities 7 and 8. 

The corresponding pH profiles are given in Fig. 4. It is significant that the pH 
profiles no longer span the range between the p1 values of the two constituent ampho- 
lytes, but are shifted towards more neutral values. This is in line with the observation 
of Rilbe”, who has shown that the pH values of dilute solutions of isoelectric ampho- 
lytes do not correspond to their pl values (except in the neutral pH region), because of 
the “buffering action” of water. 

In our previous papeP we examined the effects of varying the spread between 
the pK values for each ampholyte in binary mixtures, and the effects of varying the 

I 
I I I 1 I I I I 

0 02 
I I 

m%w_ENGTHO~cm) 

06 10 

Fig. 4. Computer generated pH profiles corresponding to the simulation data presented in Fig. 3. 
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spread between the pl values of the two components. These simulations were per- 
formed in the neutral region, as in acid or alkaline regions the superimposition of the 
pH effects demonstrated above obscures the results. These pH effects must also be 
considered if concentrations or mobilities are altered. 

The above simulations as well as those previously presentedi illustrate the 
effects of the most important experimental variables: the e!ectrochemical properties 
of the ampholytes (mobility, pK, po and the physical parameters (column dimen- 
sions, applied current, and concentrations). 

Simu!ations have also been performed with hypothetical three component sys- 
tems and will be presented in a future paper. A simulation of a three component 
system with actual compounds is presented in a following section. 

Computer sirnrclations of tEF of real con~porrmh 
Following the simulations of IEF of imaginary compounds, the same pro- 

cedure was applied to real ampholytes. Unfortunately, while hypothetical com- 
pounds provide a limitless choice of parameters, there are far fewer actual ampholytes 
to choose from, i.e., ampholytes for which the required electrochemical parameters 
have been reported in the literature. The binary systems investigated are listed in 
Table II. The last column refers to results of the simulation: good refers to systems 

TABLE II 

INPUT PARAMETERS AND RESULTS OF IEF SIMULATIONS OF REAL AMPHOLYTES 

m-ABA 3.12 4.74 1.62 3.01 
P-Ala 3.6 10.19 6.59 1.96 3.63 

0.16 Aborted 

m-ABA 
U-Asp-His 

3.12 
3.02 

4.74 1.62 3.01 
6.82 3.80 0.99 2.11 0.18 Poor 

p-ABA 2.41 4.85 2.44 3.28 
/?-Ala 3.60 10.19 6.59 3.36 3.63 

p-ABA 2.41 4.85 2.44 3.25 
Tyr-Tyr 3.52 7.68 4.16 1.07 1.56 

0.24 Aborted 

0.18 Aborted 

B-Ala 3.60 10.19 6.59 
0.70 

3.63 
His 6.0 9.17 3.17 2.85 0.36 Poor 

B-Ala-His 6.83 
A% 9.04 

9.51 2.68 2.30 
12.48 3.44 2.59 7.71 0.098 Good 

/I-Ala-His 6.83 9.51 2.68 2.30 
OrIl 8.65 10.76 2.11 1.53 3.11 

z-OH-Am 2.3 1 7.17 4.86 2.95 
His-Gly 6.27 8.57 2.30 2.68 3.40 

0.108 Good 

0.08 Good 

ASP 1.88 
m-ABA 3.11 

3.65 1.90 2.97 
4.74 1.61 0.98 3.01 0.40 Good 
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TABLE II (conrinued) 

Asp 
p-ABA 

1.88 
2.41 

Asp 
Glu 

1.88 
2.19 

Asp 
Gly-Gly 

1.88 
3.15 

E-Asp-His 3.02 
His 6.0 

?r-Asp-His 3.02 
ISO&l 3.81 

/3-Ala-His 6.83 
Om 8.65 

Glu 
Gly-Gly 

2.19 
3.15 

GUY 
Om 

2.35 
8.65 

Gly-GIy 3.15 
fi-Ala-His 6.83 

His 6.0 
/J-Ala-His 6.83 

His 
His-His 

His 

Tyr-Arg 

6.0 
6.8 

6.0 
7.55 

His-Gly 5.8 
P-Ala-His 6.83 

His-His 6.8 
B-Ala-His 6.83 

Isogh 
His 

Tri-Gly 
His 

3.02 
6.0 

3.13 
6.0 

Tyr-Arg 

A r g 
7.55 
9.cl4 

Tyr-Arg 
Ortl 

7.55 
8.65 

Tyr-Tyr 3.52 
His 6.0 

3.65 1.90 
4.85 2.44 

3.65 1.9 
4.25 2.13 

3.65 1.90 
3.25 5.10 

6.82 3.80 
9.17 3.17 

6.82 3.80 
7.88 4.07 

9.51 2.65 
10.76 2.11 

4.25 1.90 
8.25 5.10 

9.78 7.43 
10.76 2.11 

8.25 5.10 
9.51 2.6s 

9.17 3.17 
9.51 1.68 

9.17 3.17 
7.8 1.0 

9.17 3.17 
9.80 2.25 

7.82 2.02 
9.51 2.68 

7.8 1.0 
9.5 I 2.68 

6.82 4.07 
9.17 3.17 

8.09 4.86 
9.17 3.17 

9.80 2.25 
11.48 3.44 

9.80 2.25 
10.76 1.11 

7.68 4.16 
9.17 3. I7 

0.58 

0.28 

2.75 

2.67 

0.93 

1.53 

2.47 

3.63 

2.47 

0.58 

0.30 

1.09 

1.38 

0.89 

1.74 

1.94 

2.08 

1.01 

1.99 

2.97 
3.28 

2.97 
3.33 

2.97 
3.08 

7.11 
2.85 

2.11 
2.96 

2.30 
3.11 

3.23 
3.08 

4.11 
3.11 

3.08 
1.30 

2.85 
2.3 

1.85 
1.49 

3.85 
1.58 

1.4 

7.3 

2.40 
2.30 

2.96 
2.83 

2.59 
2.85 

1.5X 
2.71 

1.58 
3.11 

1.56 
2.85 

0.80 Cont. max. p-ABA 

0.144 Cow. max. Glu 

0.40 Aborted 

0.079 Good 

0.35 Fair 

0.096 Good 

0.24 Aborted 

0.10 Good 

0.0s Good 

0.18 Good 

0.384 Poor 

0.096 Good 

0.20 Good 

0.30 Fair 

0.09 Good 

0.076 Good 

0.079 Good 

0.108 Good 

0.06 Good 
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where reasonably symmetrical concentration profiles were obtained and reasonably 
useful pH gradients were projected. Poor refers to concentration profiles which were 
quite unsymmetrical and where the pH gradients did not appear to be promising. The 
computer aborted a number of runs, indicating a very unsatisfactory pair, where the 
concentration of one of the ampholytes reached vanishingly low values. Two systems, 
aspartic acid-p-aminobenzoic acid (Asp/p-ABA) and aspartic acid-glutamic acid 
(Asp/Glu), exhibited concentration maxima of the more basic components (p-ABA 
and Glu, respectively), as were shown for hypothetical compounds in Fig. 3. 

To illustrate these results, Fig. 5 shows the quite symmetrical concentration 
profiles obtained with the aspartic acid-r?z-aminobenzoic acid (Asp/m-ABA) system, 
resulting in a nearly linear pH profile. This can be contrasted with the histidylhisti- 
dine-histidine (His-His/His) pair (Fig. 6). which we expected to be an excellent combi- 
nation, both being “good” ampholytes, i.e., having quite small dpK values. The 
simulation data present grossly unsymmetrical concentration profiles and the pH 
profile appears to be virtually useless. 

00 02 CCN_O;MN LENGTOH6 (cm) 
08 10 

Fig. 5. Computer generated concentration and pH profiles for the focusing of aspartic acid (pf = 2.95, 
ApK = 1.9l)‘and m-aminobenzoic acid (PI= 3.93, ApK = 1.62) at a current density of 0.40 mA/cm’. The 
computer calculated voltage across the column was 0.59 V. 

Esperimetttal vaalidatiott of cotttprtter sitttulatiotts 
The experimental validation studies were aimed at confirming the two most 

striking results of the simulations: (i) the low voltages needed to obtain full deploy- 
ment of the concentration and pH gradients and (ii) the steep gradients obtained at 
higher voltages. 

The existence of the steep gradients was confirmed experimentally in the LKB 
focusing column, using the system glutamic acid-histidine and the indicator dye 
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Fig. 6. Computer generated concentration and pH profiles for the focusing of histidylhistidine (PI = 7.3. 
ApK = 1) and histidine (pZ = 7.59, ApK = 3.17) at a current density of 0.38 mA/cm’. The computer 
calculated voltage across the column was 2.4 V. 

methyl red as sample. The focusing was carried out at 1000 V, for 43 h. At the end of 
the focusing, the dye was localized at the center of the column in a narrow band of 
only 6 mm width, the upper half of the band being yellow and the lower red. Thus, 
this confirmed the existence of a step pH gradient between pH 3.2 and pH 7.6. which 
was projected by the simulation. 

The validation of focusing obtainable at very low voltages was undertaken 
using the glycylglycylglycine-histidine (Tri-Gly/His) system. Fig. 7 shows the com- 
puter predicted concentration and pH gradients for this system, chosen because it 
encompasses the pH range where hemoglobin should focus. The model was exercised 
at the current densities of 0.07 mA/cm’ and 0.2 mA/cm’, the computer predicted 
voltages being 1.3 V and 10 V, respectively. 

It was deemed essential to validate the prediction that focusing could be ob- 
tained at such low voltages. A sample of porcine hemoglobin was focused in a thin- 

layer polyacrylamide gel, 5 % acrylamide, 0.17 % bisacrylamide, 20 % glycerol, made 
25 mM with respect to Tri-Gly and His. A constant voltage of only 5 V was applied 
across a distance of 10 cm of the gel, and the focusing was continued for 6 days. The 
final current density was 0.042 mA/cm’. The pH gradient was similar to the predicted 
one, except that it was skewed towards lower pH values, presumably due to the 
persulfate used as the polymerization catalyst. A photograph of the gel is shown in 
Fig. 8 and it clearly shows that the bulk of ‘the hemoglobin has focused, leaving a 
trailing edge, there being two additional rather sharply focused protein bands at 
lower pH values. This experiment has been repeated a number of times, with quite 
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Fig. 7. Computer generated concentration and pH profiles for the focusing of glycylglycylglycine (IA and. 
IB) (pl = 5.65, ApK = 4.86) and hi&dine (2A and 2B) (pl = 7.59, ApK = 3.17). Current densities: A, 0.07 
mA/cm’ at I.2 V; B, 0.20 mA/cm’ at 10.1 V. 

Fig. 8. Photograph of the focused pattern of a sample of porcine hemoglobin in a polyacrylamide gel. The 
pH gradient was established using 25 m&f each of glycylglycylglycine and histidine. Focusing was carried 
out for‘6 days at a potential of 5 V across 10 cm of the gel. The anode is at the bottom. 

similar results. Analysis of the distribution of the two components, Tri-Gly and His, 
has shown that their concentrations overlap at such low voltages, as predicted in plot 
A of Fig. 7, but are nearly completely separated at voltages higher than roughly 20 V. 

The simulation of a three-component system, glutamic acid-cycloserine-his- 
tidine (G!u/C-Ser/His), is shown in Fig. 9. The concentration profiles show that the 
two end components (Glu and His) are widely separated by a non-Gaussian zone of 
C-Ser. It should be pointed out that the concentration of C-Ser in this zone is not 
constant, but decreases slightly from glutamic acid to histidine. The pH profile shows 
two steep pH gradients due to the interactions of Glu/C-Ser and C-Ser/His, respec- 
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Fig. 9. Computer generated concentration and pH proEles for the three-component mixture 
ucid (I) (pl = 3.13. dpK = 7.13). cycloscrine (7) (pf = 5.90. dpK = 3.0). and himdme (3) 
dpR = 3.17) qt a current density of 0.13 mA;cm’ and a potent14 of IS V. 

of glutamic 
(PI = 7.5’). 

timely. The conductivity profile. not displayed. eshibits two peaks. corresponding to 
the two steep pH gradients, separated by a “conductivity gap” due to C-Ser. Such a 
system was expected to resolve any two proteins with plvalues on either side of the C- 
Ser generated pH plateau. This has been verified in polyacrylamide gels, the LKB 
focusing column and the recycling IEF apparatus4-6 developed in our laboratory. 
Fig. 10 shows the separation of bromophenol blue-stained albumin and red hemo- 
globin in the recycling apparatus. With all three methods excellent focusing of the two 
proteins was obtained, the blue albumin focusing in the Glu/C-Ser pH gradient, and 
the red hemoglobin in the C-Ser/His pH gradient. In the recycling IEF apparatus, the 
same final protein distribution was obtained whether the albumin and hemoglobin 
were added as a mixed sample or whether their relative initial applications were 
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Fig. 10. Photograph of the preparative separation of 500 mg each of porcine hemogIobin (pl = 7.4) and 
human serum albumin (PI= 4.8) in the recycling isoelectric focusing apparatus (for its description see refs. 
J-6). The pH -gradient was established using the system modeled in Fig. 9, containing 10 m&4 each of 
glutamic acid, cycloserine and histidine. The photograph shows the ten-channel heat exchange reservoir at 
the top and the focusing cell at the bottom. The mixed sample was added to channel 5 of the heat exchanger 
at the time of current application. The separation was complete in 1 h, with a final focusing voltage of 300 
V. Hemoglobin focused mainly in channel 2 (from the cathode), with trace amounts in adjacent channels. 
and albumin in channel 7 of the heat exchanger. The albumin was visualized by the addition of a small 
amount of bromophenol blue dye. 

reversed with regard to their final position, ie., the albumin was applied in the 
channel where hemoglobin was finally focused and vice versa It is significant, how- 
ever, that this was obtained only if the proteins were added initially, before -the 
ampholytes were focused. Once the pH gradient was formed, no migration of added 
samples was obtained, due to the conductivity gap. This separation is controlled by 
the pIof C-Ser (PI = .5.9), which can be replaced by any other ampholyte with similar 
characteristics. In fact, comparable separation of the above two proteins was ob- 
tained with Gly-Gly (pZ = 5.7) or with Gly-Gly-Gly (pZ = 5.65) replacing C-Ser. 
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DISCUSSION 

The mathematical model of IEF presented in this and the previous paper” was 
developed in the hope that it would be of value in the design of experimental buffer 
systems using chemically defined components, thus eliminating the need for the ill- 
defined commercial carrier ampholytes (Ampholine, etc.) in preparative applications. 
The experimental data presented here have validated, at least qualitatively, the pre- 
dictions of the computer simulations. These simulations have been carried out only 
for two- and three-component systems. as more complex mixtures may be construct- 
ed only when the interaction between adjacent pairs of ampholytes is understood. 

Some general conclusions can be drawn about the relationships between simu- 
lation input parameters and output data. These are summarized in Table III, where a 
value of 1 is assigned to all “standard” input and output data, and the independently 
varied parameters are in italics. Each horizontal row of the table summarizes the 
effects. if any. of the change of the underlined input parameter on the other param- 
eters. 

TABLE III 

COMPUTER PREDICTED EFFECTS OF INPUT PARAMETERS IN FOCUSING 

Conipccrer input paramerers Conlplrrer OurpuK data 

Current CoIuI~ItI Mobi&> Itdialing Voltage Total Condrcri~if~ Torn1 

leng1l1 coeflcienr COKt1.f gradient 5 OILY gradient amowzr 

2 1 1 1 1 1 1 1 
1 2 1 1 112 1 1 2 
1 1 l/2 1 1 1 1;’ 1 
1 1 1 l/2 I 1 11’ lj2 

* Initiating concentrations are assigned at the midpoint of the column. where the concentration 
profiles of the two ampholytes are made to intersect. 

For example, lines 1 and 2 indicate that reducing the applied current by half 
requires doubling the column length to obtain identical profiles, with the exception of 
the voltage gradient profile, which is halved. The longer column will contain twice the 
total amount of ampholytes, however, the total voltage required is the same. This 
holds true for all pH regions. 

Similarly, line 3 indicates that reducing the mobility factor by half will reduce 
the conductivity by nearly the same amount_ Thus, half the current will be needed for 
equivalent gradient deployment. Line 4 indicates that halving the initial concen- 
tration of both ampholytes will produce the same effect on the profiles as halving the 
mobility factor, except that it reduces the total ampholyte content of the column. 
These two relationships hold true only in the neutral pH region. The further from 
neutrality, the greater the differences in profiles obtained, due to the contributions of 
hydrogen and hydroxyl ions to the conductivity, as shown in Fig_ 3. 

In addition, the following conclusions may help in the selection of ampholytes. 
The most important factors to be considered are the spread between the pl values 
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(dpl) of the two ampholytes, and the spread between the pK values (dpK) for each 
ampholyte: 

(1) In the neutral pH region, the pH gradient will cover the span between the 
pl values of the two components i*. In acidic or alkaline pH ranges, there will be a 
shift towards neutrality, as shown in Fig. 3. 

(3) Quite similar concentration and pH profiles will be obtained at constant 
Apl, irrespective of the ApK values of the individual components”‘. However, the 
greater the ApK. the lower the buffering of the system. 

(3) Any ionizable group will buffer only within one pH unit of its dissociation 
constant. Thus, in a two component mixture only the basic group (p&J of the more 
acidic component and the acid group (p&r) of the more basic component may exert a 
buffering action within the established pH gradient. 

All of the above three factors should be considered in the selection of com- 
ponents, the optimum being the smallest possible Apl and ApK values which provide 
buffering in the desired pH region. 

The most surprising outcome of the simulations is the low current density and, 
therefore, low voltage needed to obtain full gradient deployment, irrespective of 
column length. These low voltages are sufficient to cause the focusing of proteins, but 
only with impractically long focusing times. The application of reasonable potentials 
appears to require on the order of five components per centimeter of column length, 
as hrst suggested by Almgren”. With fewer components, and at the high potentials 
usually used in IEF with commercial carrier ampholytes, step-gradients will be ob- 
tained, which are more reminiscent of isotachophoresis23v24 than of IEF. The simi- 
larity with isotachophoresis is also shown in the concentration plots in the three 
component system shown in Fig. 9. The concentration profile of the intermediate 
component, C-Ser is not Gaussian, but presents a “square” profile, typical of iso- 
tachophoresis. 

In conclusion, it would appear that for analytical purposes, where nearly linear 
gradients spanning a relatively broad pH range are desired, custom designed mixtures 
of the type discussed do not seem to be promising. A great number of components 
would be required, some of which would certainly be prohibitively expensive. Thus, 
Ampholine and other similar commercial carrier ampholytes, remain the buffering 
agent of choice. 

For preparative purposes high voltages are important to minimize the focusing 
time and maximize the resolution_ Any separations will be dependent on finding 
appropriate “spacer’- ampholytes with the desired electrochemical properties. pri- 
marily the right pl value. The similarity with isotachophoresis is again evident. except 
that selecting spacers is easier in isotachophoresis, where the net mobilities can be 
modified by pH adjustment, whereas the pl values of ampholytes are fixed. Neverthe- 
less, the usefulness of simple ampholyte mixtures for preparative purposes was dem- 
onstrated by our separation of albumin from hemoglobin, using the three com- 
ponent system Glu/C-Ser/His. While this is an admittedly simple separation, in a 
subsequent paper we will report the separation of human hemoglobins A and C, using 
leucylhistidine as the spacer and C-Ser and Lys as terminal components. 
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APPENDIX 

Basic iransformation relations 
The equations describing the chemical equilibria 

and 

for the first and second ampholyte respectively, together with the well-known water 
dissociation constant K, = nlnZ and the eiectroneutrality eqn. 4 (see text) form a 
system of algebraic equations which can be used to express the variables No, +, n,, 11~. 
u, and 11s in terms of n3 and n6, which represent the concentration of the uncharged 
species. Solving these equations by simple elimination we obtain 

and 

The variable tzl was not eliminated to simplify the writing. The relations Al-A6 are 
used to eliminate all variables except n3 and tzg in differential eqns. 2 and 3 (see text). 
These equations contain the derivatives of all variables, therefore the same elimi- 
nation must be performed with respect to all of these derivatives. with the exception 
of drl,/ds and dn,fds. 

Using eqn. Al it is derived 

dn, 
-=A 
ds 

(A7) 

where A 1 = AIA and A2 = A<,$ 
The symbols A, A, and A2 represent the following quantities: 



332 M. BIER, R. A. MOSHER, 0. A. PALUSINSKI 

Analogously from eqns. AZ-A6 it is derived: 

dn, K22116 
-=-T ds 11, 

.Al-2 + $(I - z-AZ)2 

(Al?) 

(A13) 

(A14) 

(A13 

Transformation of model equations 
Conservation of charge. We shah use the notation: 

Note that the conductivity, s, can be expressed by s = eK_ Using eqns. Al-A 15 in eqn. 
3 results (after some manipulations) in 

e dv J 1 -.- =_ -.- - 
RT ds RT .x 

where : 

(A17) 

Conservation of ampholytes. The eqns. 2a and 2b are divided by R T, then A 17 is 
used to eiiminate (e/RT) (dq/ds). Using eqns. AZ-A6 and Al l-Al5 to eliminate ran, 

Q, 117, ng and their derivatives we obtain (after some manipulations) 

aI: 
dlrJ d!r6 .J B,, .-- = -._ 
ds al2 -K RT K 

dir, dlL6 J B .-=-. -azl .ds -f- a22 d_r 6419) RT ?I 

(Al@ 
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where : 

BIl 1 -._ 
h- 113 

B2 1 21 -.- 
K 45 

In order to obtain eqns. 5 and 6, it is necessary to invert the matris A with non-linear 
entries [I,,. This is possible only when the. matrix A is non-singular. i.e., when its 
determinant is non-zero. 

Matrix inversion and determirlarrt comprttation. It is shown below that the de- 
terminant of matrix A (det A) is non-zero, therefore eqns. A 18 and A 19 can be 
presented in the form: 

dJl3 J Blla22 + &lal2 _-_ 
ds RT K det A 

(A20) 

dil, J aldL + adll -=-. 
ds RT K det A 

(A21) 

Taking mto account the definitions of symbols and the expression for (K det A) 
computed below, the eqns. A20 and A21 are transformed easily to forms 5 and 6, 
where: 
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Determinant comnpzdatioa. In order to simplify the manipulations we introduce 
the notation: 

(AZ) 

Using eqns. Al-A6 in Al6 and taking into account that z, = 1 (i = 1.4.7) - 1 (i = 2. 
5. 8). 0 (i = 3, 6) we obtain 

and using A22 we can write: 

K = t + @ + q) N3 + (r + S)1Z6 

Using the definitions of aij (A18, A19) the determinant of matrix A (det A = 

Ul1~22 - ulla21) can be computed and taking into account A22 expressed in the 
form: 

det A = (~1’~ + p + q)(w6 + r + s) - (w3 + p + q)(r - +6-k - 

(w, + r + s)@ - qytz3 *; 

Using eqn. A23 and the above, the following expression results 

ti det A = (~7~ + p + q) [f ( w6 + r + s) + (r + S) zz6 1~6 + 4rsrz,] f 

+ (w, + r + s) [@ + 4) 113 iv3 + 4pqtz,l 

which is needed in the eqns. A20 and A21. It also demonstrates that the determinant 
is not zero, since K is positive. 
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